MATHEMATICAL PROOF OF THE MANDEL-CRYER EFFECT IN
POROELASTICITY*

C.J. VAN DULINT AND ANDRO MIKELIC!

Abstract. We consider Mandel’s problem from poroelasticity, which describes the behaviour of a water saturated
porous sample being sandwiched between two rigid plates. It was observed, both computationally and experimentally,
that the pore pressure in the center of the sample increases for some time and decreases later. This is known as the
Mandel-Cryer effect.

It is the purpose of this paper to provide a rigorous mathematical setting for Mandel’s problem and for the
corresponding Mandel-Cryer effect. We first formulate non-standard linear parabolic problems for the volume strain
and the fluid pressure. These problems admit ”explicit” solutions in terms of Fourier series. Introducing the abstract
variational parabolic formulation with appropriate spaces, the Fourier series are shown to converge strongly.

The main result is the mathematical proof of the Mandel-Cryer effect. Here we use the Laplace Transform applied
to the pressure equation. We write the transformed pressure in such a way, that a Tauberian type of result applies to
its time derivative. From this the Mandel-Cryer effect is immediate.
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Fic. 1. Geometrical setup of Mandel’s problem. Because of symmetry we consider only the right-upper quarter
of the domain.
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2 C.J. VAN DULJN AND A. MIKELIC

1. Introduction. In poroelasticity one describes, in essence, the behaviour of a deformable
porous skeleton filled with a fluid. In it’s simplest setting, the skeleton behaves linearly elastic
and the fluid and grains are incompressible. Pioneering references are Biot[4], Terzaghi[21] and
more recently Coussy|[6] and Verruijt[23]. The equations describing poroelastic behaviour involve
the skeleton displacement and the fluid pressure. They are coupled, time dependent and often
multi-dimensional. Hence it is not straightforward to solve them numerically, let alone analytically.
However, there is a well-known problem, called Mandel’s problem (Mandel [15]), which allows for
an explicit solution. The paper is devoted to Mandel’s problem and the corresponding behaviour of
the fluid pressure.

In Mandel’s problem one considers an infinitely long rock sample having a rectangular cross
section as shown on Figure 1. The sample is fully water saturated and sandwiched at top and
bottom by two rigid, frictionless plates that act as no-flow boundaries for the fluid. Along the plates
a uniform load of 2F [Pa], where [*] denotes the unit, is applied at ¢ = 0+. This load is maintained
at its constant value for all ¢ > 0. The lateral boundaries {x = +a } are drained and stress free. The
sample is forced to be in plain strain conditions by preventing any deformation in the perpendicular
direction. By symmetry, we may restrict our considerations to the upper right quadrant

(1.1) R={(z,2): 0<z<a, 0<z<h}.

When the physical parameters of the model are constant, Mandel’s problem admits an explicit
solution that expresses the fluid pressure and the volume strain, corresponding to the effective solid
skeleton displacement, in terms of infinite series. For this reason it is used as a benchmark for testing
the validity of numerical simulations (Phillips [17], Phillips & Wheeler [18]).

The explicit series solution attracted quite some attention in the engineering literature, see for
instance Abousleiman et al [2], Coussy [6] or Verruijt [22]. These authors observed from the pressure
expansion, that the pressure in the center of the sample, at {x = 0}, shows non-monotone behavior:
for small ¢ > 0 the pressure rises above its value at t = 0+ and decreases for large ¢, see Figure
2 where a computational result is shown. This non-monotone pressure behavior is known as the
Mandel-Cryer effect, since Cryer [7] observed similar behaviour for the pressure in the centre of a
consolidating poroelastic sphere. Later de Leeuw [11] studied an equivalent cylindrical problem, see
also Verruijt [22]. The Mandel-Cryer effect has been confirmed by laboratory experiments (Gibson,
Knight & Taylor [12] and Verruijt [24]), and field tests (the Noordbergum effect (Verruijt [22],
Rodrigues [19])).

The purpose of this paper is to gain a better understanding of the Mandel-Cryer effect. We
explain by means of rigorous mathematical techniques the reason of this non-monotone pressure
behaviour.

Starting point is the setting in which both fluid and grains are incompressible, the porous
medium is homogeneous and isotropic and gravity can be disregarded. Then, as in Coussy [6] or
Verruijt [22], the fluid mass balance reads

(12)  0,E +divq=0,

(1.3) &= divu, in £ and fort >0,
K
nr
where £ [—] denotes volume strain, q = (¢z,qy) [m/s] fluid discharge, u = (ug,u.) [m] skeleton

displacement, K [m?] intrinsic scalar permeability, ns [Pas] fluid viscosity and p[Pa] fluid pressure.
Concerning the notation, 0, denotes the partial derivative with respect to * and B, the A-th
component of the (vectorial or tensorial) entry B.
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Fi1G. 2. Behavior of dimensionless pressure at the centre of the sample as a function of dimensionless time,
showing the Mandel-Cryer effect. Here Poisson’s ratio is v =1/3, (A4 2u)/pn = 4. This curve is constructed from a
Laplace Transform based approzimation for small t and the Fourier approzimation (2.27)-(2.30) for larger values of
t.

The momentum balance is given by Biot’s formulation (Biot [5]),

(1.5) —div 0 =0,
(1.6) o =2pe(u) + (A€ — ap)LL.

Here o[ Pa | is the total stress tensor, u[ Pa | and A[ Pa ] the Lamé parameters, e(u) [—] =

1
i(Vu + V7u) the linearized strain tensor, I the identity tensor and « € (0, 1] Biot’s effective stress
parameter. In the engineering literature (Abousleiman et al [2] or Verruijt [22]), one often writes
a=1-— KB/Kg, where Kp is the drained bulk modulus and K, the bulk modulus of the grains.
Since they are assumed incompressible, we have K, = co and thus a = 1. Therefore, we replace

(1.6) by
(1.7) o =2pe(u) + (A€ — p)L.

Along the boundary of {2 we have for all t > 0 the Mandel conditions:

(1.8) {r=0}:u, =0, 0., =0and 9,p = 0;

(1.9) {z=a}: 04, =0, 04, =0and p=0;

(1.10) {#=0}:u, =0, 0., =0and d.p = 0;

(1.11) {z="h}:u, = f(t), / 0., dv = —F, 0., = 0and 0,p = 0.
0

Here, f(t) is the unknown displacement at the top of the sample and F is the total load on (2.
Initially, at t = 0, we have

(1.12) Eli—o=0 in .

The plan of the paper is as follows. In Section 2, we reduce the two-dimensional Mandel problem
(1.2)-(1.12) to one-dimensional non-standard parabolic problems for the volume strain £ and the
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4 C.J. VAN DULJN AND A. MIKELIC

pressure p. In this reduction, £ = £(x,t) and p = p(x,t) only. We further show that (1.12) implies

r o
(1.13) Pli=o = 5 I 0.
We present the Fourier expansion for £ and p, and discuss the corresponding Hilbert spaces. In
Section 3 we consider the functional analytic setting of the £-problems and show that the Fourier
expansion represents its unique solution. In Section 4 it is shown that d,p(a,t) = O(t~/?) and
[|0:0(-,t)||L2(0,0) = O(t=Y/*) as t \, 0. This corresponds to the numerical findings of Phillips [17]
and Phillips & Wheeler [18]. The main result of this section is the demonstration of the Mandel-Cryer
effect by means of the inverse distributional Laplace Transform.
The conclusions are presented in Section 5.

2. Mandel problem as non-standard parabolic problem. In this section we present the
main steps of the derivation of Mandel’s problem. We follow in essence the work of Abousleiman et
al [2], Coussy|[6] and Verrujt [22]. Since the plates are rigid, impervious and frictionless with respect
to the rock sample and since the lateral boundary conditions are constant, we look for a solution of
problem (1.2)-(1.12), that describes a configuration in which horizontal planes in the sample move
undistorted downwards (F > 0), vertical planes move undistorted sideways and in which the fluid
flow is parallel to the plates. In terms of the displacements this means that the vertical component
u, does not depend on z and the horizontal component u, does not depend on z. Hence, we seek a
solution that satisfies

Uy = Ug (T, 1),
(

(2.1) Uy = uy(z,t), in {2 andfort>0.
qz =Y,
These assumptions imply
0z: =0,
(2.2) p=pt), in 2 andfort>0.

Crz = 8zuw = ewz(xat)7
€rz = 82“2 = ezz(za t)v

Balancing forces in x—direction gives

0= 0,040 + 0:04, = 02045.
Then boundary condition (1.9) implies
(2.3) Ouw = 2y + AE —p =0,
and consequently
(2.4) E=E&(x,t) in 2 andfort>0.
Writing (2.3) as
(2.5) (20 + NE - p = e,
we deduce that

(2.6) €xz =€y (t) in (2 and fort>0.
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JUSTIFICATION OF MANDEL-CRYER’S EFFECT 5

Next consider, using again expression (2.3),

(2.7) Oor =2y, + A —p = 2u+NE —p—2ues, =2(u+ N)E — 2p.
Hence
(2.8) Ouz =04(x,t) in 2 andfort>0.

Integrating (2.5) and (2.7) results in

2uae,,(t) = (2u—|—)\)/ & dx —/ p dx
0 0
and a a
—F:2(,u+>\)/€dx—2/pdx.
0 0

Combining these expressions and (2.5) gives the following relation between the fluid pressure and
the volume strain:

woft F
2.9 =(2 NE — = Ed —
(29) p=Cuene-L [ears o
in {2 and for t > 0. Hence we have the pressure initial condition
F
2.10 0+ = —.
(2:10) Pheot = 5

Substituting (2.9) into equations (1.2), (1.4) and the boundary conditions at = 0 and = = a, yields
the following parabolic problem for the volume strain

(2.11) O:E — Wamﬁ =0 forO<z<a,t>0,

(2.12) f8x8(0,t) =0 fort>0,

(2.13) plat) = 0= (A +2u)E(a t) = —% + g /0 E(s,t) ds fort >0,
(2.14) E(x,0)=0 for0<z<a.

Using again expression (2.9), this problem can be rewritten straightforwardly in terms of the fluid
pressure. Then it reads

A4+ 2K K
(2.15) Oip — Mamp - M2 p(a,t) for0 <z <a,t>0,
Ny ang
(2.16) 0.p(0,t) = p(a,t) =0 fort >0,
F
(2.17) p(z,01) = % for0 < z < a.

REMARK 1. (i) The pressure boundary condition (2.13) yields a non-local boundary condition
for €. In the pressure formulation a source term of unknown strength appears in the right hand side
of (2.15). In this respect, both formulations yield non-standard problems.

(i)  Relation (2.9) expresses p in terms of £ and / E(s,t) ds. Likewise, a relation can be
0
deduced that expresses € in terms of p and/ p(s,t) ds. It reads
0

2u+AF
w+ A 2a

P s
(2.18) (2u+)\)5p+a(u+)\)/o p(s,t) d
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6 C.J. VAN DULJN AND A. MIKELIC

For convenience we introduce the scaling

et Q2K 2a
L a7 A aznf b p A Fp’
and the variable
F 7
=—(w——).
2au A4 p

Then for w we have the following volume strain problem

(2.19) Ow = Ogpw for0<ax<1,t>0,
1
(220) B,w(0,6)=0, w(l0)= 5 f2u /0 w(s,t) ds fort >0, (PVS)
(2.21) w(z,0) = ﬁ for0 <z <1
For the scaled pressure we find

(2.22) Op = D — 2M%awp(u) for0 <z <1, >0,

(2.23) 8,p(0,t) =0, p(1,t)=0 fort>0, (PP)

(2.24) p(z,0)=1 for0<z <1

In terms of the scaled variables, relation (2.9) becomes

1
(2.25) p(x,t) = AT“w(x,t)— /0 w(s, ) ds.

The problem for the volume strain (PVS), with the nonlocal boundary condition at 2 = 1, and for the
pressure (PP), with the unknown source term 9,p(1,t), was not written as such in the engineering
literature. Abousleiman et al [2] and Coussy [6] directly write the problem in terms of a Fourier
expansion, while Verruijt[22] writes the pressure equation directly in terms of the Laplace transform.

REMARK 2. (Abousleiman et al [2], Verruijt [22]) The elastic parameters in problems (PVS)
and (PP) can be expressed in terms of Poisson’s ratio v:

11-2
P _ - Y oand -1
A4+2n 21—-v A p

As in Abousleiman et al [2] or Coussy [6], the following Fourier expansions are found as solutions of
(PVS) and (PP):

(2.26) w(z,t) = Z Apeont en(x)
n=1
and
(2.27) plant) = 22 A en(o) — (1))
n=1
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Here {a,, }22; are the positive roots of

(2.28) tana, = Lﬁan,
(2.29) en(x) := cos(anz),
and

(2.30) A, =2 dn

1— )“L#cosz o,

REMARK 3. Let vy, = (n —1/2)7 — a,. Then one verifies that
Yo >0, Y1 <V <....- <y €(0,7/2) forneN
and lim -y, = 0. Consequently, the denominator in (2.30) is strictly positive.
n—oo

The numbers {8, = a2}°°; and the functions {e, }5°; are eigenvalues and eigenfunctions of
the nonlocal spectral boundary value problem

(2.31) —u"=pu for 0<z<l,

(2.32) w'(0) =0, wu(l)= 3 fQN /0 u du.

Integrating (2.31) yields
1
—u'(1) = ,8/ u dx.
0
Hence, the nonlocal boundary condition at * = 1 can be replaced by

A+ 2p
i

(2.33) /(1) = Bu(1).

Multiplying the equation for {8,,e,} by e,, and integrating the result in (0,1) gives
1 1
/ eel dr= ﬁn/ enem dz + el (1)en(1).
0 0

Using (2.32) and (2.33), this expression can be written as

1 1 1 1
2.34 / ener dr =, / enem dr — K / en dm/ em dzl.
(2.34) 0 { 0 A+2p Jo 0 J

Similarly,

1 1 1 1
2.35 / ener dr = B, / enem dx — H / en dx/ em dzb.
(2.35) 0 { 0 A+ 20 Jo 0 J

Next we introduce the space

W = { LQ(O7 1), equipped with inner product < u,v >:=

1 1
(u,v)2(0,1) — Afi?ﬂ/o U dx/o v da:}.

This manuscript is for review purposes only.
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8 C.J. VAN DULJN AND A. MIKELIC

Expressions (2.34)-(2.35) imply that {e,,}22; are orthogonal in W.

Further,
l|lullw = v/<u,u> is equivalent to ||u|[2(0,1),
since
At p 2 2 2
(2.36) m”uHLz(O,l) < lulliv < llullzz 0,1

for all u € L%(0,1).
Finally we observe that

1
(en — en(1):em) z2(0.1) = (ens em)2(0.1) — n(1) / em do
0

1 1
m
= (€n>em)r2(0,1) — — / en dx/ em dx
0:1) A+2u Jy 0

(237) =< é€n,em >,

This equality implies that the expansion of the volume strain in W is equivalent to the expansion
of the pressure in L?(0, 1), since

+oo too
ﬁ(ema 1)L2(0,1) = Z An(en —en(1), 6m)L2(0,1) = Z Ap < enyepm >=

n=1 n=1
o

2.38 Aplleml|? = ——
(2:38) ety = 3

< em,1>.

3. Functional analytic setting. At this point, it is not clear if {e,}52, is really a basis for
W and if {3,,}°2 is the entire spectrum. For this reason we give a rigorous mathematical argument
that completes the computations.

To recast eigenvalue problem (2.31)- (2.33) in an abstract framework we introduce the space

1
(3.1) V={ueHY0,1): ul) - Afzu/o u dz = 0}.

Clearly, V is a closed subspace of H'(0,1).
Based on (2.34)-(2.35), we consider the variational formulation:

Find v € V and g € R, u # 0, such that

L / B 1 @ 1 1
(3.2) /0 u'(z)¢' (x) do = ﬂ{/o u(z)p(z) doe — Y 2#/0 u(x) d:c/0 p(x) dz}, VYeoeV.

Then we have
LEMMA 3.1. Any solution {u, 8} of (5.2) solves problem (2.51)- (2.33).

Proof. Let {u, B} satisfy (3.2) and let ¢ € C§°(0,1) with fol ¢ dr = 0. Then ¢ € V and from
(3.2),

/0 (@) (@) da = B / u(z)ol) de,

or, in distributional sense,

1
< —u" = Bu, o >poy=0 Ve e C5(0,1), / o dx = 0.
0
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JUSTIFICATION OF MANDEL-CRYER’S EFFECT 9
This implies, see [8, Appendix "Distributions”],
(3.3) —u" — pu = C(= constant) in (0,1).

Hence u € C*°[0,1]. Again from (3.2), after integration by parts,

W (1)p) = w0)e0) = [+ g do— 5t [ty do [ (o) ao.

1
Taking ¢ € V, with ¢(1) / o(x) de =0, and using (3.3), we find:
0

T+ 21
u'(0) = 0.

Hence for any ¢ € V

W (1)p(1) = —0/01@ dm—ﬂkfmt /01 () dm/olgo(m) de

or
1
A+2
(3.4) W (1) +5/ u(z) de + 2o~ o,
0
On the other hand, integrating (3.3),
1
(3.5) u' (1) + ﬂ/ u(x) dz+C =0.
0

Then (3.4) and (3.5) imply C = 0 and equation (2.31) results. Since u € V, the second condition in
(2.32) is fulfilled as well. Integrating (2.31) implies (2.33). |

Writing (3.2) as
alu,p) =B <u,p> Vo€eV,

we note that
(i) the injection of V' into W is continuous, dense and compact;
(ii) a is a continuous bilinear form, which is symmetric and coercive in that sense, see (2.36),

A+

S Ate Atu
A+2p

2
“ Nt 2u 17

a(p,¢) + llelliy el o) =
for all p € V.

Assertion (i) is a direct consequence of the fact that any bounded sequence in V' has a convergent

subsequence in L%(0,1) (by Rellich’s theorem) and that L?(0,1) and W are equivalent (by (2.36)).

Hence, the injection is compact. The inequality between norms of V' and W guarantees continuity of

the injection. Finally, the density of V in L?(0,1) follows from the discussion in the proof of Lemma

3.1.

Then the variational spectral theory, see [9, Chapter 8], implies that problem (3.2) has a count-
able number of eigenvalues {3,,}°° ; such that —1 < 3; < 3 < ..., with 8, — o0 as n — +00. The
problem has only discrete eigenvalues and the corresponding eigenfunctions form an orthonormal
basis for the space W and a basis for V. Obviously, 81 > 0 and we set o, = v/B,. The boundary
condition at 2 = 1, rules out 3; = 0. Thus indeed {32}22, is the entire spectrum and {e, }5°; is
an orthogonal basis in W.
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10 C.J. VAN DULJN AND A. MIKELIC

Next we write (PVS) as an abstract variational parabolic problem. Let T > 0, arbitrarily chosen,
and let V’/ denote the dual of V. Then it reads

Find w € L?(0,T;V) N C([0,T); W), with d,w € L*(0,T; V"), such that

(3.6) %(w(t), ©)w +a(w(t),o) =0, Ve eV and for almost all ¢t € [0,T];

(3.7) w(0) = 5 i Sew.

THEOREM 3.2. The abstract problem (3.6)-(3.7) has a unique solution. It is given by the Fourier
expansion (2.26), (2.28)-(2.30).

Proof. The proof is a direct consequence the properties of the spaces V and W (continuous
and dense injection of V' in W) and continuity and coercivity of the bilinear form a. Details of the
existence and uniqueness proof for the classical abstract variational theory are given in Dautray &
Lions [10, Chapter 18] or Wloka [25]. In the existence part of the proof one uses a finite dimensional
approximation with respect to the basis {e,}>2; in W. Hence the Fourier expansion applies and w
is given by (2.26). This series converges strongly in L?(0,T;V) N C([0,T]; W), because the partial
sums represent a Cauchy sequence in that space. Since

p 1
limw(1,t
N0 (L1 = A +2u) X+ p) 7 At p
a Gibbs effect near the corner point (x = 1,¢ = 0) may occur. a0

COROLLARY 3.3. Rescaled and shifted volume strain w satisfies w € C’°°([5, T] x [0,1]), ¥ > 0.

4. The Mandel-Cryer effect. The purpose of this section is to demonstrate rigorously the
Mandel-Cryer effect: i.e. the increase of the pressure in the center of the sample, at {x = 0}, for
small times.

Let us first consider the pressure equation (2.22). Its unique solution is given by (2.25), where
w is the Fourier series (2.26), or directly by the modified Fourier series (2.27). Using (2.27)-(2.30)
we compute

.2
sin” au, —a2y

(4.1) d.p(1,1) —22 — o <0
o

and

49 d (1,8) = 2 a2 sin” a,, —a2t <

(42) d(mp 2l Z1—>‘+2“cos2 ‘ -0

for all t > 0. Hence —0;p(1,t) acts as a source term in (2.22), whose strength decreases in time.
Thus one might expect a pressure increase for small ¢ > 0. On the other hand, integrating equation
(2.22) in z € (0,1), gives for any t > 0,

d [* A
+’“‘a

(4.3) 7 p(z,t) de = N2 p(1,t) <O.

Hence the mean decreases in time. Furthermore, directly from Fourier series (2.27),

(4.4) tlim p(z,t) =0, uniformlyin 0<z <1.
—00
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JUSTIFICATION OF MANDEL-CRYER’S EFFECT 11

Therefore the behavior of the pressure is a priori not clear and needs to be investigated.

We consider the Laplace transform of the pressure as starting point. Note that the Laplace
transform was also used in the work of Verruijt [22].

We first consider the transformed volume strain, i.e. L(w(z,t)) = W(z, s) with s > 0, satisfying
equation (2.19), initial condition (2.21) and from (2.20) the Neumann condition at x = 0. This
yields

d2
—QEZSE—L forO<z <1,
df WA
%E‘ZZO = 0
and thus
1
(45) E(.’I]’ S) = CCOSh(ZC\/g) + 'LLMﬁ;

for 0 < z < 1 and s > 0. Here C is a constant to be determined below. Using (2.25), the Laplace
transform of the pressure reads

_ A 2u_ '
p({E,S) = luw(xu S) _/ U}(y,S) dy
H 0
Substituting (4.5) gives
1 2
p(x,8) = 5 + C/\ + 2 cosh(zv/s) — 55 sinh v/s

for 0 <z <1 and s > 0. Now choosing C such that p(1,s) = 0, yields

A+2u 1 o
1 17 cosh(zy/s) — —=sinh/s
(4.6) Pz, s)=—+ - ‘i ; >\+2f :
s s ﬁsmh\/E—T”cosh\/E

Thus
1 % cosh(z/s) — ﬁ sinh /s
(47) E(p(m; t) - XR+) = - 1 . A 24 ’
s ﬁsmh\/g— Tcosh\/g
where

() = 1, for ¢t >0,
XRF ) = 0, for t<0.

4.1. Behaviour of d,p(1,t) as t \, 0. Expression (4.7) implies

A+2u -
1 A8 ginh(z4/5)
48 L(8,p(z, 1)) = — i
(48) (op(a:0) \/gﬁsinh\/g—)‘t%cosh\/g

for 0 <z <1, and thus

’\J“% sinh /s

sinh /s — % cosh /s

(49) £(n(1.0) = =

5

S
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for all s > 0. After some rearrangements, expression (4.9) can be written as

1
L(0p(1,1)) = VA G(s)
or
1
(4.10) L(9:p(1,1) + ﬁxw) =G(s),
where
A2 (] tanh /5) + = tanh\f
(4.11) G(s) = % . tanh /\+2u ’
7% anh /5 + =
. +2p 1
Since > 2, 7 tanh /s < 1, and tanh /s < 1, we have

G:RT 5 Rt is well defined.

The following estimates hold.

LEMMA 4.1. There exists a constant M > 0 such that for all s >0
(i) sG(s) <M
(i) | (VAG(s))]| < M52

Proof. (i) Directly from (4.11)

A+2u
o) < (1—tanh\/§)\/§+tanh\/§< At 25 i
A p Atpe2Vs41 A+p~ 7
W
where we used tanhy < y and y+1 - for all y > 0.

(ii) Setting y = /s, we note that (1 — tanh y)y and its derivatives have exponential decay as
y — oo. Hence for
’\"’%(1 — tanh y)y + tanh y

G(y?) =
yG(y~) _tanhy + )\J;Quy
we have o o
TN
|7(yG(y2))| S A2 tanh < ( ) o2
dy (Tﬂ - Ty)2y2 AN+u’ oy
Using now
VsG(s)) = 5—=——=(VsG(s)
S = 5o (vae)
estimate (ii) is immediate. |

Then we have

LEMMA 4.2. There exists M > 0 such that for all s > 0

d
2 - < M.
52 2-G(s)| <
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Proof. Using
d

2 d _ 2
s3/ %(\/EG(S)) =5

the estimate is a direct consequence of Lemma 4.1. 0

G(s) + 5G(s),

We are now in a position to apply the following result, which is due to Priiss (see Arendt et al [3,
Corollary 2.5.2])

PRUSS’s PROPOSITION. Let X be a Banach space and let q : {*z > 0} — X be holomorphic.

d
Then the following holds: if there exists M > 0 such that ||zq(2)||x < M and HZQ%q(z)HX <M
for {Rz > 0}, then there exists a bounded function f € C((0,400); X) such that

q(z) = /000 e *Lf(t) dt  for Rz >0.

In our case G : Rt — Rt is smooth. In addition, with s € C,

A+2 A+2 A+2
| — sinh s + + ’uscoshs\2 > Cwems((ﬂ%s —1)%+ (ﬂ%s)%, Vs, s >w >0
[ [ 1

for some real number w sufficiently large. Hence G is holomorphic in {§s > w > 0}, taking values in

d
C. Thus X = C. Furthermore, the proof of boundedness of the norms |[sG(s)||x and ||52£G(s)||x

is analogous to real case, but we need that s > w > 0. Then Priiss’s Proposition applies, but with
e “!f(t) being bounded.
As a result we have

PROPOSITION 4.3. There exists g € C((0,+00);R), with sup |e “"g(t)| < +o0, such that
>0

Ozp(l,t) = — for allt > 0.

1
N +9g(t)

4.2. Behaviour of t'/4]|9,p(-,t)|[12(0,1) as t \, 0. The singular nature of d,p(1,t) as t \,
0 clearly influences the behavior of the norm [[0.p(:,t)||r2(0,1) as t ~\ 0. This was investigated
numerically by Phillips [17] and Phillips & Wheeler [18], who used a combination of mixed and
continuous Galerkin finite elements to discretize the poroelasticity equations. They established the
behaviour ([17] page 141, formulas (6.1)-(6.2))

10:p( O)l[720.1) & O™ ") and  {|9uap(-,1)[[Z2(0,1) = O M), ast 0.
As the following analytical result shows, this is amazingly accurate:
PROPOSITION 4.4. lim £/ 0up(-, )| 20,1y = (2m) 74
Proof. Using Proposition 4.3, we write the pressure equation (2.22) in problem (PP) as

It
+AVrt 2u+ A

for some g € C([0, 1] x[0,T]). Thus next to the incompatibility of the initial and boundary conditions
at = 1, the right hand side of (4.12) has a t~'/2 singularity at t = 0. Further, we note that the
global regularity of p is less than

(4.12) 0P — Opap = o for0<axz<1,t>0,

) 2ap 2
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298 The idea is to search for p in the form

" t
299 (4.13 t) = t - — t) — t
(4.13) (1) = ulw ) + g Eg [ = o) — 2(,0),
300 where
2 [0 2 r—1
301 (4.14) u(x,t) = —/ eV dy, n= <0,
VT n/2 %

302 satisfies

Ot —Ogpu=0 in <1, t>0,
303 (4.15) u(l,¢) =0 for t>0,

u(z,0) =0 for z<1

304  and

2u+ N [m 2 [, 2 1/2
305 (4.16) K \/ZU(z,t) = h(n) = ﬁ/ eV (1~ 4%2) ! dy.

21

306 The function h is chosen to satisfy the boundary value problem

v, My 1
307 (4.17) WS = gh for n <0,
h(0) =1, h(—o0)=0

and its form corresponds to the representation h(n) = U(2, %)e’%nz, where U (a, z) is the parabolic

cylinder function (see Abramowitz et al [1, Chapter19] or Temme [20, pages 175-179]). We do not
dwell on the subject but only remark than A can be rewritten in the more convenient form

oo
d
h(n) = — 1 eV (y — 1)1/? Zy n < 0.

2Ty
308 Then A’ is bounded and positive and h” is positive. A direct computation shows that h satisfies

2 t -1
309 problem (4.17). Finally, v(z,t) = o \/>h(x\/E ) satisfies
™

21+ A

O —0gev=0 in xz<1,t>0,

20 t
310 (4.18 1.¢) = - f t>0
( ) v(1,t) 2/1—1—)\”7r or t>0,

v(z,0)=0 for z<1.

311 Then z is given by

5‘,5278“2:2#/1)\57(0 for O0<z<1,t>0,

312 (419) Z(l,t) =0 and awz(o’t) = a(t) for ¢ > 0,
2(x,0) =0 for O0<ax<l1.

1 2
313 Here a(t) = 0,u(0,t) — 0,v(0,t) = T Y — ﬁﬁ

! h’(—%) € C*[0, +0c0) and a(0) = 0.
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The change of the unknown z = Z + (x — 1)a(t) gives

0T — OpuZ = ﬁg(t) —(z—1)d(t) € C([0,1] x [0,T]) for 0<z<1,t>0,

(420) 4 Zz(1,¢)=0, and 8,2(0,t)=0 for >0,
Z(x,0)=0 for 0<az<l.

We extend Z to an even function Z on (—=1,1). Then Z satisfies the heat equation with a continuous

in z and t source term on (—1,1) x (0,7). Next, Z is zero at z = —1, z = 1 and t = 0. Hence,
we are in situation to apply the parabohc regularity theory from Ladyzenskaja et al [14, Chapter4,
Theorem 9.1]. Tt gives Z € W21((=1,1) x (0,T)), Yg € (1,+00). Therefore, Z and 9,7 are Holder

continuous in z and ¢ on [—1, 1] [0, T]. The same property holds for z and 9,z on [—1,0] x [0,T].
Finally

~1/4 )
lim [E40:p(-, )| 2(0,1) = lim 164 0u(, )l L2 (0.1) = lim e (A=2)*/G0)| 104y = (2m) 24
and the proposition is proved. 0

4.3. Non-monotone pressure at x = 0, ¢t > 0. Using the Laplace Transform technique from
Subsection 4.1, we are now in position to demonstrate the Mandel-Cryer effect. From (4.6) we
deduce

% cosh(z/s) — % sinh /s
1 _ A2 ?
7 sinh Vs =4 cosh NG

L(Op(x,t)) = sp(x,s) — 1=

for s > 0. Again after a bit of rearrangement we obtain at = = 0:

1

£ 0:0) = Sz 27

+ Q(s),

)2, where
/\J;#\/g(cosh\/gfsinh\f) (M) >\+2u\[
(sinh /s — /\+2M\/gcosh \[)(qu\[ 1)

Since Q(s) is exponentially small in /s, we do not have to keep it in the estimates. As in Subsection
4.1,

fOI‘S>UJ>()\_572N

Q(s) =

o
(4.21) L(3p(0,1) — Aqu\/%XW) = X/E(H};i‘}g_l) +Q(s),
for s >w > ()\fzu)z.

One easily viﬁes that
() Jim s \[(HAJLQ\M[ 1) :(/\f2u)2;
(ii) |sﬂA+g:2\'} )| <M for s>w> (Af2u)2' :
(iii) \sd \[(H’\JLQ\’} )|§M for s>w>(>\f2u>2.;
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16 C.J. VAN DUIJN AND A. MIKELIC
for some M > 0.
Again applying Priiss’s Proposition, we have

PROPOSITION 4.5. There exists ¢ € C((0,+00),R), with sup |e “'q(t)| < 0o, w > 0, such that
>0

o 1
0:p(0,t) = Nt 20 +q(t)

Since ¢ is bounded on [0, T], for every T > 0, this result implies that there exists 3 > 0 such that

for allt > 0.

Op(0,t) >0 for 0<t<ty,

yielding the Mandel-Cryer effect.

5. Conclusion. In this paper we consider Mandel’s problem (Mandel [15]) in poroelasticity.
This problem describes the behaviour of a water saturated porous slab, that is subjected to a
symmetrical load at top and bottom while water is drained from the lateral sides, see Figure 1. It
was observed that the fluid pressure in the center of the sample first increases in time and decreases
later. The behaviour is known as the Mandel-Cryer effect. Mandel’s problem received significant
attention in the engineering literature, because it admits an explicit solution for the volume strain
& and the pore pressure p. These solutions are given in terms of Fourier series.

We give a rigorous mathematical foundation of the Mandel problem. To this end we first
formulate non-standard parabolic problems for £ and p. The £—problem has a nonlocal boundary
condition at the outflow boundary x = 1 (equations (2.19)-(2.21)), the p—problem has a source
term of unknown strength (equations (2.22)-(2.24)). The volume strain and the pore pressure are
related through (2.25). We construct a Fourier approximation for £ (and for p) and show that the
corresponding Hilbert space, taking into account the nonlocal boundary condition at x = 1, is

1 1
W = {L2(0, 1), with inner product < w,v >= (u,v)r2(0,1) — ;y a / u dx/ v dfc},
+2p Jo 0
i.e. the eigenfunctions of the corresponding spectral problem form an orthogonal basis in W. We
show, that the Fourier series converges strongly in L2(0,7;V) N C([0,T]; W),where the space V is
defined in (3.1).

The main result is the mathematical proof of the Mandel-Cryer effect. Here we use Laplace
Transform techniques applied to the pressure equation. In particular, we formulate the transformed
pressure in such way, that a fundamental result of Priiss [3] can be used.

We first investigate the singular behaviour of the source term in (2.22), for which we obtain

(5.1) 3xp(1,t)+\/% =0(1), ast—0+.

We show that this implies
(5:2) 1640p ()l L20,0) = 2m) "V st =0+,

The exponent 1/4 is confirmed by the numerical results of Phillips [17] and Phillips & Wheeler [18],
who found numerically the exponent 0.244.

Using again the result of Priiss [3], it follows that there exists ¢ € C((0,00);R), with e “'q
bounded in R for some w > 0, such that

(5.3) ap(0,1) = —H for all t > 0.

1
= —— +qlt
A+ 20 /7t a()

From this expression the increase of the pressure for small times is immediate.
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